Maximum Network Elow

Network: a directed raf/a, with two
d:’.stinju{.shed vertices, a Source S5 and
a sink %, and a Pcsitive caloaci-ty u ;{,W)
~on each edje(\f,w).

A -[/ow on a network: a nonneqative fanction £
on edges bounded above b)/ the capacities,
such that the total flow into any vertex
other than s and equa/.s the total flow out.




Maximu\m f/ow: a flow t/m.'t maximizes the
net flow into the sink (w/u'c/u cfual.s
the net {fbw out of the .s'ource.).

Froblem: Find a maximum -f/ow m a jiven
”ﬁt"’o"k; 035 faz+ as posss'lale.

n= #yertices
m= 4 eolﬂe.s

M‘ maxi:r!um edje cafacit/
({1_[ Cafac.i‘tie-S are in'tejer'.SS



Ford - Fulkerson Method

 Residual ed‘]e: aloair[bju/) such that

(1) f[gw) < u(zw) g Hf(v,w) Zu s;w)—-/(v,w)

or

(i) £(wv)>0: ” (rw) = Flwv)
Residual network: the network of residual edjes

Thm. A fbw is maximum o tAcrc IS no Pa-tA
from stot in the residual network (.fuc/l
a Iaat/i s an augmenting pat/x).
T Jg




Far'l" FM”(BI‘.SOI\ mctho 0(2

re/ae.a‘t §-ﬁ’nd an aujme.niinj fath

aquen‘t flow

Time: O(;fﬁ,m M) {hdt Po//nomia/J need not
terminate £ capaa'tie.s
are irra‘tiona/)
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M aximum How ProHem

Net wor k G’(V, E) , Seurce s, sinkt
edje capacities u(va) . for (v,w) € £
JVI=n  LEl=m U max lugyw)
As_s'qme heﬁwork Is Symme‘trfc:

(ww)€E iff (wv) €E

Flow £ : E >R
flow) 4 u(yw)
flyw) =~ #(wv)
W= Z ) <0 Vw ¢ fse}

Objective: maximize e(t) (= - 6(5))




Edmond.s gkﬁrf): aujmen‘t alonj shortest (-f:wcst
edges) paths : O (nm*)

.Din?‘t.si build Shortest IDa't/t subnetwork o'f residual
network find all au men-tinj paf/n.r of a
given /cnj't/; at once: O (n*m)

An edge (v,w) is saturgted if £(yw)=u (v w)

A Aloc/u'i\j f/aw 5 Qa f/ow such that el/er)/
path frem s to t contains a Satursted edJ €.

Dinits reduced the maximum fLw f)m‘/cm to
n A/oc.kinj £ lew /omélem.sl each on an aC)/c/fC
network.

F[nolinj a Abcblg f/ow /s easier ‘t/)qn -A:nd[’:j O\

maximu m flow) at least on an ac}:clic network.




Edmond: # 'g‘-'W‘f" 'Zﬁfwza’y-f aujmen«f alchj a shortest
[1&#351 64}@3:5 Pwﬁy’ﬁ:
Gg{;r} +ime per ’pa*ﬁfg X Q/Ih} Pa.@{g per /ffn/-!.n

X.@{’\} PM.A kajﬂ\gs O{n”f.) +ime

Dinic : Lind all aqymmf'*«f?j /oa‘b(.f or/ﬂjimn
quj,ti at Qnce in 2 phase.:
Q(ﬁ) Hme per ﬁafﬁ x O [nm) paths
* Ofm) Hime per phaze xO(n) phasa! =

0 (hi a.j Fim 2



Classical A!jﬂlr‘i"'.hm.i

Date Di:’. coverer Ti me
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Tc(}miiue_s

Iterative Irnfmvem ent:

/oc ofly modify The curmt Solunon
1o impeove it

Successive A}opmximtiont
solve Successively cbser agproximadian s
of e original predlen USing €ACH
so/dhon as o stprling pornt For The
rexT {)mbkm ’ ‘

Data Structures:
resent relevpnT. informanon
abost e current Flow inan
Appropriait why




Preflow Push AFProacL\ (6","( be':.?>
Toe ideas:

Y .x’, - L ]
Matz {:{5 LA 5”‘4’3/93" Ia the ﬁompafafi@iﬁ Stng Hen
f relax the Flw capseevation 1 ffz;‘-@.w: me;nf;?
Use g lesy (?/350!! mere dicte bnte appriass Lo

do the preproces, J asrociated witl e

daze

- 1 "
Majr, ‘"’"7‘"?“11’ R R
’ .



Preflow (Karzanov)z like a {low exccfrt that the |
total £low inte a vertex can exceed the total

flow out.

Avertex ¥ with extra incomin flow 1s actc’wc.; T'{e.
het /'nam:'nJ /]ou/ e(v} (s tﬁc exXcess o‘f VCerx V.

Idga: move fhw excess toward sink alonj estimated
shortest Pa‘t/ls. Mokc &RCRSS that cannot reach

the sink back To the sourcC, also “'1°"J estimated
S/tor‘te‘S‘tr Pu‘ﬁl\:‘. |

-E) estimate fna‘th /cnjths: a V‘[;’A /gée.f;’n; 5 an

I'nfejer function d on vertices Such that:

() d{t)=o
(i) d@) = n
(i) d() s d@W)+1 if 4 (o) >0

d(v) is a lwer bound on the minimum of
distance 4o ‘f‘,J n+ distance to S




A{jori't/\m

1. Saturate all edjes [eavin g S. Chosse initial dA.

2. Repeat IousA and relabel steps in any order
unticl ne vertex /s active.,

Fﬂ:/t (va) '
ifvis achve, “p (gw) 20, and A (v)= Alw)+l
+hen move ,/;v 0 min [e(v), u{ (5\0)] units of
o w from v o w(t/)e. Pu.i/l 15 ;_515;5[2‘:’ ‘£

“ G w) units are moved) 3

relabe! (v):
CEVs active and Kn al (%), u, () =0 or Af)E Alw)
then /et A(v) = min Z{d(“')"l/ “ (xw) >0}







Bounds
Every active vertex has a label of at most 2n-1:
there is a/wa):s a residual paﬁk 10 S.

> on?) re/abc/:'njs, 'l.a/(fnj O(nm) time.

| EdWeen sat umtinJ Pu;l.es t/\ragk the same ea(!'yc) ends
of edge must be relgbeled

= O(nm) Satur-m‘_inj /ausl.eg,

The heasl of The BAAlysES B ver w“"‘fj

™he Gunber afmnsrium'ﬁnj fw’.cs.'




*,@eneria B«ound-’ O(n"m}

P Define B 2 Al

v active
0¢ bt A nonsaturating push decrenses $ by on=.
Increaze 4o $: O(nl> in total Adue to r'c/abe.!injs,

O(h1m> due to Smf.um‘!:ir}] PusAes:

O(n) per 5aturatirl? /push.

= ) /nsz mn:aturﬂiw Iousl.cs.



FIFD Meathod

Maintain a 1“644& of active vertices.
A/WAy: push Frim the vertex on +he ront of the Zugug,

Add new/iy active vertices 4o the rear of the quede.

,Arm.’)/;ij

.

Phases: P/mse 1= /orocc:fff:] of verticer or‘iffnu{i'/ on iucae.
P/.a::e. 1+1 = Pm&z%if}j of vertice; added 1o iueue
durf/y p/m;e. /.
On!/ Onz nonfa'ﬁut‘a‘tf,?j P.,\;A per vertea per /;lmse:
such & push reduces 4he excess to zers and

(om ove; ‘L/g verten fﬁm\ ‘f.Ac;'. 7(4614!’_’.,

/4




Ofn*) hound on # phases
Define D= max df). 0£ 8¢ 2n,

v active

A phase reduces 3 ‘é}’ one unless a re,/nﬁalipj
Oczurs,

A incresse in 15 Jue to rglaé&/;:yﬁ) totals O/ ).

The number of phases in which B jesnt .cﬁaye ic ale O,

= 0O / nz) 4ot 4/ Pk ares,

= Og_/ng) /mhsa-turm‘.in? /Dm’/xcg.



AAuJa’- Orlin Excess -Sca,fr:j

Ma;ntﬂiv\ A) An MFP&J‘ Aow"d on max éXCQSS
Maintain fh":ejral{iy o'[ f’ow,

After each Pl‘“") rcplace A ‘/ Alr.

Shop when ACI.

Pusk fram a vertex v of smallect A(v) with
e(v)> A1,

When Pu!l\i:\] from v o w#t, move

min zC<V)) M! (v)w)) A- &Cw)§



Ahafysis
Lach nonsa-ﬁuruﬂnj Pu;k moves at /ea(l’.

4/7 wnitg o( [L:w

Led §’ E' elv) 0([»/) /A

‘ Va Cfl.vt_

0¢P <Ih?
Each honsaturating push decreases é cf), > 12,
Increases in 8 O(n*) agsociated with relabeling.
O(nY) per phoce frem chonge in A.
0(!03(,«) phases >

O(hllogu) hor\fa:f-ufa,f\'ry Pusl\eS



Saturwﬁfr:] /:usﬂu = O(nm)

Noh Saﬁur‘a'ﬁfnj Pu\!’\e.f = O(nl I°‘9 L(}
[an these estimates be balanced ?

Yes: C/\avc a/jorf“)m : make .“,!, Pm;Aes lange
enoujl\ &, rc,ﬁa?n;nj enouyl\ éxcess fo

v'h\n\eo(fa\‘-e(y SCatwurate V67'5mll—capx{i" 80965.
I Iy

# pushes = O (n"m"(lguy*)

C/\eri)fan“' MeA [Aorn

What about r‘e/a.be,l.'f:} time ??




Pf‘a[f.fﬁﬁ

AP/)raf"iﬂ‘f-e- vecions a‘{ the /)rﬁeﬂcw /:m’/\
methsd  are ea-,'/ {a impi’g:mgmﬁ andd y,gr/y f;;i' o Pr‘;g{{cg:

F-1Y4 times farter than Dinizc on repsonable chires of

']ra‘a/\s.

7 nvocr-i.ant heseigtiz: Per)o/;cxly comlaw'.e ﬁy/\t Artance /aéd:
u;’:',:] érea,(ﬁ}\- ‘Y/:'m’*f- Teqrh, ( Ovblsef‘wisa 4fe. rel abc«/iv)j

4ime 1§ too /:71\ \)

TA& ;"’I }"0 a,!]ar; ‘t!ﬁv’\ LA AC /owle/; ?-v”!,p( ’ /DM ,’A fl’sm d” a{/l}ﬁ
Vtrﬁg@; @.t onzZf . I+ J2ems +2 j;\/‘.’. %"ﬁf‘&;ﬁ 770&64{%'4-—7; /'n

/Ofﬂfﬁ 2.

Whethen dyn@m{.ﬂ tree ;s A’«/(J o~ Very 'Iﬂj‘]g Jra‘u!ii Aas not

y,g;’.‘ },&e.n 5‘1:“.4(;451&(-




qu 1(‘/0\”

’ Best known  boundl

O (m'm 5/)2/3, N\lhz m }Oﬂ (nl/m) /Oj U)

boldberg + Rac, 1977



